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éÔËÒ‡Ì ÏÂÚÓ‰ Ó‡ÍÛÎ¸ÌÓ„Ó ÚËÔ‡ ÓÚ˚ÒÍ‡ÌËfl ÒÂ‰ÎÓ‚ÓÈ ÚÓ˜ÍË ‚˚ÔÛÍÎÓ-‚Ó„ÌÛÚÓÈ ÎËÔ¯ËˆÂ‚ÓÈ
ÙÛÌÍˆËË ÔË Ì‡ÎË˜ËË Ó¯Ë·ÓÍ ‚ ÓÚÍÎËÍ‡ı Ó‡ÍÛÎ‡. ìÒÚ‡ÌÓ‚ÎÂÌ˚ ÚÂ·Ó‚‡ÌËfl Í Ó¯Ë·Í‡Ï Ó‡-
ÍÛÎ‡. èË ÒÓ·Î˛‰ÂÌËË ˝ÚËı ÚÂ·Ó‚‡ÌËÈ ÏÂÚÓ‰ ÔÓÁ‚ÓÎflÂÚ Ì‡ÈÚË ε-ÒÂ‰ÎÓ‚Û˛ ÚÓ˜ÍÛ ËÒÒÎÂ‰ÛÂ-
ÏÓÈ ÙÛÌÍˆËË ÔË ÙËÍÒËÓ‚‡ÌÌÓÏ ε > 0. èÓÎÛ˜ÂÌ‡ ÓˆÂÌÍ‡ Ò‚ÂıÛ ‰Îfl ˜ËÒÎ‡ ËÚÂ‡ˆËÈ, ÌÂÓ·ıÓ-
‰ËÏ˚ı ‰Îfl ‚˚˜ËÒÎÂÌËfl ε-ÒÂ‰ÎÓ‚ÓÈ ÚÓ˜ÍË.

1. ÇÇÖÑÖçàÖ

Ç ‡·ÓÚÂ (Å˝, ÉÓÎ¸¯ÚÂÈÌ, ëÓÍÓÎÓ‚, 2001) ·˚Î ÔÂ‰ÎÓÊÂÌ ËÚÂ‡ÚË‚Ì˚È ÏÂÚÓ‰ ÓÚ˚ÒÍ‡ÌËfl
ÒÂ‰ÎÓ‚ÓÈ ÚÓ˜ÍË ‚˚ÔÛÍÎÓ-‚Ó„ÌÛÚÓÈ ÙÛÌÍˆËË, ˝ÙÙÂÍÚË‚ÌÓÂ ÏÌÓÊÂÒÚ‚Ó ÍÓÚÓÓÈ ÒÓ‰ÂÊËÚÒfl ‚
ÏÌÓ„Ó„‡ÌÌËÍÂ. èÂ‰ÔÓÎ‡„‡ÎÓÒ¸, ˜ÚÓ ËÒÒÎÂ‰ÛÂÏ‡fl ÙÛÌÍˆËfl Á‡‰‡ÂÚÒfl Ò ÔÓÏÓ˘¸˛ ÌÂÍÓÚÓÓ„Ó
‚ÒÔÓÏÓ„‡ÚÂÎ¸ÌÓ„Ó ‡Î„ÓËÚÏ‡ – Ó‡ÍÛÎ‡. èË Í‡Ê‰ÓÏ Ó·‡˘ÂÌËË Í Ó‡ÍÛÎÛ ‚˚˜ËÒÎflÂÚÒfl ÓÔÂ‰Â-
ÎÂÌÌ‡fl ÎÓÍ‡Î¸Ì‡fl ı‡‡ÍÚÂËÒÚËÍ‡ ÙÛÌÍˆËË, ÍÓÚÓ‡fl ËÒÔÓÎ¸ÁÛÂÚÒfl ‚ ÔÓˆÂÒÒÂ ÔÓËÒÍ‡ ÒÂ‰ÎÓ‚ÓÈ
ÚÓ˜ÍË. ÄÌ‡ÎËÁ ÒıÓ‰ËÏÓÒÚË ÏÂÚÓ‰‡, ÒÓ‰ÂÊ‡˘ËÈÒfl ‚ (Å˝, ÉÓÎ¸¯ÚÂÈÌ, ëÓÍÓÎÓ‚, 2001), ÓÔË‡ÎÒfl
Ì‡ ‰ÓÔÛ˘ÂÌËÂ Ó ÚÓÏ, ˜ÚÓ ‚ÒÂ ÓÚÍÎËÍË Ó‡ÍÛÎ‡ ÌÂ ÒÓ‰ÂÊ‡Ú Ó¯Ë·ÓÍ. ÇÏÂÒÚÂ Ò ÚÂÏ, ‚Ó ÏÌÓ„Ëı ÒÎÛ-
˜‡flı Ó‡ÍÛÎ, fl‚ÎflflÒ¸ ˜ËÒÎÂÌÌ˚Ï ‡Î„ÓËÚÏÓÏ, ‡·ÓÚ‡ÂÚ Ò Ó¯Ë·Í‡ÏË, ‚ÂÎË˜ËÌ‡ ÍÓÚÓ˚ı Á‡‚ËÒËÚ
ÓÚ ‚ÂÏÂÌË ËÒÔÓÎ¸ÁÓ‚‡ÌËfl ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Â„Ó ‡Î„ÓËÚÏ‡. àÒÒÎÂ‰ÛÂÏ ÔÓ‚Â‰ÂÌËÂ ÏÂÚÓ‰‡ ÓÚ˚ÒÍ‡-
ÌËfl ÒÂ‰ÎÓ‚ÓÈ ÚÓ˜ÍË ÙÛÌÍˆËË, ÎÓÍ‡Î¸Ì˚Â ı‡‡ÍÚÂËÒÚËÍË ÍÓÚÓÓÈ ÒÓ‰ÂÊ‡Ú Ó¯Ë·ÍË. ç‡˜ÌÂÏ Ò
ÌÂÓ·ıÓ‰ËÏ˚ı Ó·ÓÁÌ‡˜ÂÌËÈ. 

èÛÒÚ¸ Gx Ë Gy – ‚˚ÔÛÍÎ˚Â ÍÓÏÔ‡ÍÚ˚, ‡ÒÔÓÎÓÊÂÌÌ˚Â ‚ ÍÓÌÂ˜ÌÓÏÂÌ˚ı Â‚ÍÎË‰Ó‚˚ı ÔÓ-
ÒÚ‡ÌÒÚ‚‡ı Ex Ë Ey, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, Ë ËÏÂ˛˘ËÂ ÌÂÔÛÒÚ˚Â ‚ÌÛÚÂÌÌÓÒÚË, G = Gx × Gy; Mx ⊂ Ex Ë
My ⊂ Ey – ‚˚ÔÛÍÎ˚Â ÏÌÓ„Ó„‡ÌÌËÍË, ÒÓ‰ÂÊ‡˘ËÂ, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, Gx Ë Gy, M = Mx × My. ê‡ÒÒÏÓÚ-
ËÏ ÙÛÌÍˆË˛ f(z) = f(x, y), z = (x, y), ÓÔÂ‰ÂÎÂÌÌÛ˛ ÍÓÌÂ˜Ì˚ÏË ÁÌ‡˜ÂÌËflÏË Ì‡ G ⊂ M Ë fl‚Îfl˛˘Û-
˛Òfl ‚˚ÔÛÍÎÓ-‚Ó„ÌÛÚÓÈ Ì‡ G, Ú.Â. ‚˚ÔÛÍÎÓÈ ÓÚÌÓÒËÚÂÎ¸ÌÓ x ∈  Gx ÔË Î˛·ÓÏ ÙËÍÒËÓ‚‡ÌÌÓÏ y ∈  Gy
Ë ‚Ó„ÌÛÚÓÈ ÓÚÌÓÒËÚÂÎ¸ÌÓ y ∈  Gy ÔË Î˛·ÓÏ ÙËÍÒËÓ‚‡ÌÌÓÏ x ∈  Gx. äÓÏÂ ÚÓ„Ó, ‰ÓÔÛÒÚËÏ, ˜ÚÓ
ÙÛÌÍˆËfl f Û‰Ó‚ÎÂÚ‚ÓflÂÚ Ì‡ G ÛÒÎÓ‚Ë˛ ãËÔ¯Ëˆ‡ Ò ÔÓÒÚÓflÌÌÓÈ L. 

ë‰ÂÎ‡ÌÌ˚Â ÔÂ‰ÔÓÎÓÊÂÌËfl Ó·ÂÒÔÂ˜Ë‚‡˛Ú Ì‡ÎË˜ËÂ Û ÙÛÌÍˆËË f ÒÂ‰ÎÓ‚ÓÈ ÚÓ˜ÍË Ë ÒÛ·‰ËÙÙÂ-
ÂÌˆËÛÂÏÓÒÚ¸ (ÒÛÔÂ‰ËÙÙÂÂÌˆËÛÂÏÓÒÚ¸) ÙÛÌÍˆËË f ÔÓ x(y) ‚ Í‡Ê‰ÓÈ ÚÓ˜ÍÂ z0 = (x0, y0) ∈ G, Ú.Â.
ÌÂÔÛÒÚÓÚÛ ÒÛ·‰ËÙÙÂÂÌˆË‡Î‡ ∂xf (x0, y0) (ÒÛÔÂ‰ËÙÙÂÂÌˆË‡Î‡ ∂yf (x0, y0)) ÙÛÌÍˆËË f ‚ ÚÓ˜ÍÂ (x0,
y0) ÓÚÌÓÒËÚÂÎ¸ÌÓ x(y). èË ˝ÚÓÏ, ÂÒÎË z0 ∈ intG, lx ∈ ∂ xf (x0, y0), ly ∈ ∂ yf (x0, y0), ÚÓ (||lx||2 + ||ly||2)1/2 ≤ L. 

Ç˚ÔÛÍÎÓ-‚Ó„ÌÛÚ‡fl ÙÛÌÍˆËfl f Á‡‰‡ÂÚÒfl ÔË ÔÓÏÓ˘Ë ÌÂÍÓÚÓÓ„Ó ‚ÒÔÓÏÓ„‡ÚÂÎ¸ÌÓ„Ó ‡Î„ÓËÚÏ‡
(Ó‡ÍÛÎ‡). ÑÂÈÒÚ‚ËÂ Ó‡ÍÛÎ‡ ÒÓÒÚÓËÚ ‚ ÒÎÂ‰Û˛˘ÂÏ. ÑÎfl ÔÓËÁ‚ÓÎ¸ÌÓÈ ÚÓ˜ÍË z0 ∈  M ÓÌ, ÔÂÊ‰Â
‚ÒÂ„Ó, ‚˚flÒÌflÂÚ, ÔËÌ‡‰ÎÂÊËÚ ÎË ‰‡ÌÌ‡fl ÚÓ˜Í‡ ‚ÌÛÚÂÌÌÓÒÚË ÏÌÓÊÂÒÚ‚‡ G. ÖÒÎË z0 ∈  intG, ÚÓ Ó‡-

ÍÛÎ ‚˚˜ËÒÎflÂÚ ÔË·ÎËÊÂÌÌÓÂ ÁÌ‡˜ÂÌËÂ  ÌÂÍÓÚÓÓ„Ó ÒÛ·„‡‰ËÂÌÚ‡ lx ∈ ∂ xf (z0) Ë ÔË·ÎËÊÂÌÌÓÂ

ÁÌ‡˜ÂÌËÂ  ÌÂÍÓÚÓÓ„Ó ÒÛÔÂ„‡‰ËÂÌÚ‡ ly ∈ ∂ yf (z0). ÖÒÎË ÊÂ z0 ∉  intG, ÚÓ Ó‡ÍÛÎ Ì‡ıÓ‰ËÚ Ò ÌÂÍÓ-
ÚÓÓÈ Ó¯Ë·ÍÓÈ „ËÔÂÔÎÓÒÍÓÒÚ¸, ÔÓıÓ‰fl˘Û˛ ̃ ÂÂÁ ÚÓ˜ÍÛ z0 Ë ÒÓ‰ÂÊ‡˘Û˛ ÏÌÓÊÂÒÚ‚Ó G ‚ Ò‚ÓÂÏ
ÌËÊÌÂÏ ÔÓÎÛÔÓÒÚ‡ÌÒÚ‚Â, Ú.Â. ÔË·ÎËÊÂÌÌÓÂ ÁÌ‡˜ÂÌËÂ , || || = 1 Ú‡ÍÓ„Ó Â‰ËÌË˜ÌÓ„Ó ‚ÂÍÚÓ‡ a,
˜ÚÓ maxz ∈  G(a, z – z0) ≤ 0.

èÓ‡Ì‡ÎËÁËÛÂÏ ÒıÓ‰ËÏÓÒÚ¸ ËÚÂ‡ÚË‚ÌÓ„Ó ÏÂÚÓ‰‡, ÓÔËÒ‡ÌÌÓ„Ó ‚ (Å˝, ÉÓÎ¸¯ÚÂÈÌ, ëÓÍÓÎÓ‚,

2001) ‰Îfl ÒÎÛ˜‡fl, ÍÓ„‰‡ ËÒÔÓÎ¸ÁÛ˛ÚÒfl ÔË·ÎËÊÂÌÌ˚Â ÓÚÍÎËÍË Ó‡ÍÛÎ‡ ( , , ).

* ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êÓÒÒËÈÒÍÓ„Ó ÙÓÌ‰‡ ÙÛÌ‰‡ÏÂÌÚ‡Î¸Ì˚ı ËÒÒÎÂ‰Ó‚‡ÌËÈ (ÔÓÂÍÚ 05-01-
00491).
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2. éèàëÄçàÖ åÖíéÑÄ

åÂÚÓ‰ ÓÚ˚ÒÍ‡ÌËfl ÒÂ‰ÎÓ‚ÓÈ ÚÓ˜ÍË ‚˚ÔÛÍÎÓ-‚Ó„ÌÛÚÓÈ ÙÛÌÍˆËË f Ì‡ ÏÌÓÊÂÒÚ‚Â G Á‡‚ËÒËÚ ÓÚ Ô‡-
‡ÏÂÚ‡ λ, ‚˚·Ë‡ÂÏÓ„Ó ËÁ ËÌÚÂ‚‡Î‡ (0, 1), Ë Â‡ÎËÁÛÂÚÒfl ‚ ‚Ë‰Â ÒÂËË Ó‰ÌÓÚËÔÌ˚ı ËÚÂ‡ˆËÈ.
èÂÂ‰ Ì‡˜‡ÎÓÏ ËÚÂ‡ˆËË k ≥ 2 Ò˜ËÚ‡˛ÚÒfl ËÁ‚ÂÒÚÌ˚ÏË ÛÊÂ Ì‡È‰ÂÌÌ˚Â ÚÓ˜ÍË zi ∈ M, 1 ≤ i ≤ k – 1,
ÔË˜ÂÏ Á‡ z1 ÏÓÊÂÚ ·˚Ú¸ ÔËÌflÚ‡ Î˛·‡fl ÚÓ˜Í‡ ÏÌÓ„Ó„‡ÌÌËÍ‡ M. ç‡ Í‡Ê‰ÓÈ ËÚÂ‡ˆËË ÏÂÚÓ‰‡
(ËÒÍÎ˛˜‡fl, ·˚Ú¸ ÏÓÊÂÚ, ÔÓÒÎÂ‰Ì˛˛ ËÚÂ‡ˆË˛) ÔÓËÒıÓ‰ËÚ Ó‰ÌÓ Ó·‡˘ÂÌËÂ Í Ó‡ÍÛÎÛ. Ç Â-

ÁÛÎ¸Ú‡ÚÂ, ÂÒÎË ÚÓ˜Í‡ zi ∈  intG, ÚÓ Ó‡ÍÛÎ ‚˚‰‡ÂÚ ÔË·ÎËÊÂÌÌÓÂ ÁÌ‡˜ÂÌËÂ  = (  – ) ‚ÂÍÚÓ‡

li = (lix, –liy), „‰Â lix ∈  ∂xf (zi), liy ∈  ∂yf (zi), ÔË˜ÂÏ ||  – li|| ≤ δ. ÖÒÎË ÊÂ zi ∉  intG, ÚÓ Ó‡ÍÛÎ ‚˚‰‡ÂÚ
ÔË·ÎËÊÂÌÌÓÂ ÁÌ‡˜ÂÌËÂ , || || = 1, Â‰ËÌË˜ÌÓ„Ó ‚ÂÍÚÓ‡ ai, Û‰Ó‚ÎÂÚ‚Ófl˛˘Â„Ó ÛÒÎÓ‚Ë˛

maxz ∈  G〈ai, z – zi〉  ≤ 0, ÔË˜ÂÏ ||  – ai|| ≤ δ. çÂÓÚËˆ‡ÚÂÎ¸ÌÓÂ ˜ËÒÎÓ δ ÓÔÂ‰ÂÎflÂÚ „‡‡ÌÚËÓ‚‡ÌÌÛ˛
ÚÓ˜ÌÓÒÚ¸ ‡·ÓÚ˚ Ó‡ÍÛÎ‡.

ê‡ÁÓ·¸ÂÏ ÏÌÓÊÂÒÚ‚Ó I(k) = {1, …, k – 1} ÌÓÏÂÓ‚ ËÚÂ‡ˆËÈ, ÔÂ‰¯ÂÒÚ‚Û˛˘Ëı ËÚÂ‡ˆËË k, Ì‡
‰‚‡ ÌÂÔÂÂÒÂÍ‡˛˘ËıÒfl ÔÓ‰ÏÌÓÊÂÒÚ‚‡ I1(k) Ë I2(k), ÔÓÎÓÊË‚

àÒÔÓÎ¸ÁÛfl ËÌÙÓÏ‡ˆË˛, Ì‡ÍÓÔÎÂÌÌÛ˛ ‰Ó Ì‡˜‡Î‡ ËÚÂ‡ˆËË k, ‚‚Â‰ÂÏ Á‡‰‡˜Û ÎËÌÂÈÌÓ„Ó ÔÓ„‡Ï-
ÏËÓ‚‡ÌËfl �k Ò ÔÂÂÏÂÌÌ˚ÏË z Ë t:

(1)

„‰Â  = || ||.

àÚÂ‡ˆËfl k Ì‡˜ËÌ‡ÂÚÒfl Ò Â¯ÂÌËfl Á‡‰‡˜Ë �k Ë ‰‚ÓÈÒÚ‚ÂÌÌÓÈ Á‡‰‡˜Ë . èÛÒÚ¸ ∆k – Ï‡ÍÒËÏ‡Î¸-
ÌÓÂ ÁÌ‡˜ÂÌËÂ ÎËÌÂÈÌÓÈ ÙÓÏ˚ Á‡‰‡˜Ë �k (ÌËÊÂ ·Û‰ÂÚ ÔÓÍ‡Á‡Ì‡ ÔÓÎÓÊËÚÂÎ¸ÌÓÒÚ¸ ˝ÚÓ„Ó ˜ËÒÎ‡),

‡ µi ≥ 0, i ∈ I(k) – ÍÓÏÔÓÌÂÌÚ˚ ÓÔÚËÏ‡Î¸ÌÓ„Ó ÔÎ‡Ì‡ Á‡‰‡˜Ë . 

ÖÒÎË  > 0 Ë ÔË ̋ ÚÓÏ ∆k ≤ ε1, „‰Â ÔÓÎÓÊËÚÂÎ¸ÌÓÂ ̃ ËÒÎÓ ε1 ‚˚·Ë‡ÂÚÒfl Á‡‡ÌÂÂ, ÚÓ ËÚÂ-

‡ˆËfl k Á‡Í‡Ì˜Ë‚‡ÂÚÒfl Ë fl‚ÎflÂÚÒfl ÔÓÒÎÂ‰ÌÂÈ, ‡ ‚ Í‡˜ÂÒÚ‚Â ÔË·ÎËÊÂÌÌÓ„Ó ÁÌ‡˜ÂÌËfl ËÒÍÓÏÓÈ ÒÂ‰-
ÎÓ‚ÓÈ ÚÓ˜ÍË ÔËÌËÏ‡ÂÚÒfl ÚÓ˜Í‡  = zi/ . Ç ÔÓÚË‚ÌÓÏ ÒÎÛ˜‡Â ËÚÂ‡ˆËfl k

ÔÓ‰ÓÎÊ‡ÂÚÒfl.
Ç‚Â‰ÂÏ ‚ ÔÓÒÚ‡ÌÒÚ‚Â Ez = Ex × Ey ‚˚ÔÛÍÎ˚È ÏÌÓ„Ó„‡ÌÌËÍ Mk(t), ÓÔÂ‰ÂÎflÂÏ˚È Ó„‡ÌË˜ÂÌË-

flÏË Á‡‰‡˜Ë (1) Ì‡ ÔÂÂÏÂÌÌÛ˛ z ÔË ÙËÍÒËÓ‚‡ÌÌÓÏ ÁÌ‡˜ÂÌËË t ≤ ∆k. Ñ‡Î¸ÌÂÈ¯ÂÂ ÚÂ˜ÂÌËÂ ËÚÂ‡-
ˆËË k Ò‚flÁ‡ÌÓ Ò ÔÓÒÚÓÂÌËÂÏ Ó˜ÂÂ‰ÌÓÈ ÚÓ˜ÍË zk, ‚ Í‡˜ÂÒÚ‚Â ÍÓÚÓÓÈ ÔËÌËÏ‡ÂÚÒfl Â¯ÂÌËÂ Á‡‰‡-
˜Ë Í‚‡‰‡ÚË˜ÌÓ„Ó ÔÓ„‡ÏÏËÓ‚‡ÌËfl

(2)

„‰Â λ ∈ (0, 1) – Ô‡‡ÏÂÚ ÏÂÚÓ‰‡. í‡ÍËÏ Ó·‡ÁÓÏ, zk fl‚ÎflÂÚÒfl ÔÓÂÍˆËÂÈ ÚÓ˜ÍË zk – 1 Ì‡ ÏÌÓ„Ó„‡Ì-
ÌËÍ Mk(λ∆k). èÓÒÎÂ ÓÚ˚ÒÍ‡ÌËfl zk ÔÓËÒıÓ‰ËÚ Ó·‡˘ÂÌËÂ Í Ó‡ÍÛÎÛ. ÖÒÎË zk ∈ intG Ë ÒÓÓ·˘ÂÌÌ˚È

Ó‡ÍÛÎÓÏ ‚ÂÍÚÓ  Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚Ë˛  = || || ≤ ε2, „‰Â ÔÓÎÓÊËÚÂÎ¸ÌÓÂ ˜ËÒÎÓ ε2 ‚˚·Ë‡-
ÂÚÒfl Á‡‡ÌÂÂ, ÚÓ ËÚÂ‡ˆËfl k fl‚ÎflÂÚÒfl ÔÓÒÎÂ‰ÌÂÈ, ‡ ‚ Í‡˜ÂÒÚ‚Â ÔË·ÎËÊÂÌÌÓ„Ó ÁÌ‡˜ÂÌËfl ÒÂ‰ÎÓ‚ÓÈ
ÚÓ˜ÍË ÔËÌËÏ‡ÂÚÒfl ÚÓ˜Í‡  = zk. Ç ÔÓÚË‚ÌÓÏ ÒÎÛ˜‡Â ÓÒÛ˘ÂÒÚ‚ÎflÂÚÒfl ÔÂÂıÓ‰ Í ËÚÂ‡ˆËË k + 1.

3. ÄçÄãàá åÖíéÑÄ

ÅÎËÁÓÒÚ¸ ÔÓËÁ‚ÓÎ¸ÌÓÈ ÚÓ˜ÍË z = (x, y) ∈ G Í ÒÂ‰ÎÓ‚ÓÏÛ ÏÌÓÊÂÒÚ‚Û Z* ÙÛÌÍˆËË f (z) Ì‡ ÏÌÓÊÂ-
ÒÚ‚Â G ·Û‰ÂÏ ÓˆÂÌË‚‡Ú¸, Í‡Í Ë ‚ (Å˝, ÉÓÎ¸¯ÚÂÈÌ, ëÓÍÓÎÓ‚, 2001), ÌÂÓÚËˆ‡ÚÂÎ¸ÌÓÈ ‚ÂÎË˜ËÌÓÈ

(3)

l̃ i l̃ ix l̃ iy

l̃ i

ãi ãi

ãi

I1 k( ) i I k( ): zi intG∈ ∈{ } , I2 k( ) i I k( ): zi intG∉∈{ } .= =

t max,

l̃ i zi, z–〈 〉 ñit, i I1 k( ),∈≥
ãi zi, z–〈 〉 t, i I2 k( ),∈≥

z M,∈

ñi l̃ i

�̃k

�̃k

µii I1 k( )∈∑
zk* µii I1 k( )∈∑ µii I1 k( )∈∑

z zk 1–– 2 min, z Mk λ∆ k( ),∈

l̃ k ñk l̃k

zk*

∆ z( ) f x y',( ) f x' y,( )–[ ] ,
z' x' y',( ) G∈=

max=
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ÍÓÚÓ‡fl Ó·ÌÛÎflÂÚÒfl ÎË¯¸ ‚ ÚÓ˜Í‡ı Z*. åÂ‡ ·ÎËÁÓÒÚË (3) fl‚ÎflÂÚÒfl Ó·Ó·˘ÂÌËÂÏ ÓˆÂÌÍË ÔÓ ÙÛÌÍ-
ˆËÓÌ‡ÎÛ, ËÒÔÓÎ¸ÁÛÂÏÓÈ ‚ Á‡‰‡˜‡ı ÓÔÚËÏËÁ‡ˆËË.

èÂÊ‰Â ˜ÂÏ ÔËÒÚÛÔËÚ¸ Í Ó·ÓÒÌÓ‚‡ÌË˛ ÒıÓ‰ËÏÓÒÚË ÏÂÚÓ‰‡, ÓÔËÒ‡ÌÌÓ„Ó ‚ ‡Á‰. 2, Û·Â‰ËÏÒfl ‚
ÔÓÎÓÊËÚÂÎ¸ÌÓÒÚË ∆k – Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó ÁÌ‡˜ÂÌËfl ÎËÌÂÈÌÓÈ ÙÓÏ˚ Á‡‰‡˜Ë (1) ÔË Î˛·ÓÏ k ≥ 2.
é˜Â‚Ë‰ÌÓ, ˜ÚÓ ‰Îfl ˝ÚÓ„Ó ‰ÓÒÚ‡ÚÓ˜ÌÓ ÛÒÚ‡ÌÓ‚ËÚ¸ ÌÂÔÛÒÚÓÚÛ ‚ÌÛÚÂÌÌÓÒÚË ÏÌÓ„Ó„‡ÌÌËÍ‡ Mk(0),
ÓÔÂ‰ÂÎflÂÏÓ„Ó ÒËÒÚÂÏÓÈ Ó„‡ÌË˜ÂÌËÈ Á‡‰‡˜Ë (1) ÔË t = 0. èÓÒÎÂ‰ÌÂÂ ÏÓÊÌÓ ‰ÓÍ‡Á‡Ú¸, ËÒÔÓÎ¸ÁÛfl
ËÌ‰ÛÍˆË˛ ÔÓ k. ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ÌÂÔÛÒÚÓÚ‡ intM2(0) ‚˚ÚÂÍ‡ÂÚ ËÁ ÚÓ„Ó, ˜ÚÓ intG ≠ ∅ . ÖÒÎË ‰ÓÔÛÒ-
ÚËÚ¸ ÌÂÔÛÒÚÓÚÛ Mk(0), ÚÓ ∆k > 0 Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Mk(λ∆k) ⊂ intMk(0), ‡ ÁÌ‡˜ËÚ, ÚÓ˜Í‡ zk, fl‚ÎflflÒ¸
ÔÓÂÍˆËÂÈ ÚÓ˜ÍË zk – 1 Ì‡ Mk(λ∆k), ÓÍ‡Á˚‚‡ÂÚÒfl ‚ÌÛÚÂÌÌÂÈ ÚÓ˜ÍÓÈ ÏÌÓ„Ó„‡ÌÌËÍ‡ Mk(0). åÌÓ„Ó-
„‡ÌÌËÍ Mk + 1(0) ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ ÔÂÂÒÂ˜ÂÌËÂ Mk(0) Ë ÔÓÎÛÔÓÒÚ‡ÌÒÚ‚‡, „‡ÌË˜Ì‡fl „ËÔÂ-
ÔÎÓÒÍÓÒÚ¸ ÍÓÚÓÓ„Ó ÔÓıÓ‰ËÚ ̃ ÂÂÁ ÚÓ˜ÍÛ zk. èÓ˝ÚÓÏÛ ÌÂÔÛÒÚÓÚ‡ intMk + 1(0) – ÒÎÂ‰ÒÚ‚ËÂ ÚÓ„Ó, ̃ ÚÓ
intMk(0) ≠ ∅ , ‡ zk ∈ intMk(0).

ÄÌ‡ÎËÁ ÓÔËÒ‡ÌÌÓ„Ó ‚ ‡Á‰. 2 ÏÂÚÓ‰‡ Ì‡˜ÌÂÏ Ò ÓˆÂÌÍË ·ÎËÁÓÒÚË ÚÓ˜ÍË , ‚˚‡·‡Ú˚‚‡ÂÏÓÈ ÏÂ-
ÚÓ‰ÓÏ Ì‡ ËÚÂ‡ˆËË k, ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó ÁÌ‡˜ÂÌËfl ∆k ÎËÌÂÈÌÓÈ ÙÓÏ˚ Á‡‰‡˜Ë �k Ë
‚ÂÎË˜ËÌ˚ δ ≥ 0, ı‡‡ÍÚÂËÁÛ˛˘ÂÈ ÚÓ˜ÌÓÒÚ¸ ‡·ÓÚ˚ Ó‡ÍÛÎ‡.

ãÂÏÏ‡ 1. èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ÏÌÓÊÂÒÚ‚Ó G ÒÓ‰ÂÊËÚ ¯‡ ‡‰ËÛÒ‡ r > 0. ÖÒÎË d – ‰Ë‡ÏÂÚ
ÏÌÓ„Ó„‡ÌÌËÍ‡ M, ‡ ‚ÂÎË˜ËÌ˚ ∆k Ë δ Ì‡ÒÚÓÎ¸ÍÓ Ï‡Î˚, ˜ÚÓ

(4)

ÚÓ ÏÌÓÊÂÒÚ‚Ó I1(k) ≠ ∅  Ë  > 0, ÔË˜ÂÏ

(5)

„‰Â  = zi/ , L – ÔÓÒÚÓflÌÌ‡fl ãËÔ¯Ëˆ‡ ÙÛÌÍˆËË f. 

Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó. ÖÒÎË, Í‡Í ‡ÌÂÂ ·˚ÎÓ ÓÚÏÂ˜ÂÌÓ, µi ≥ 0, i ∈ I(k), – ÍÓÏÔÓÌÂÌÚ˚ ÓÔÚËÏ‡Î¸-

ÌÓ„Ó ÔÎ‡Ì‡ Á‡‰‡˜Ë , ÚÓ ËÁ ÚÂÓËË ÎËÌÂÈÌÓ„Ó ÔÓ„‡ÏÏËÓ‚‡ÌËfl ÒÎÂ‰ÛÂÚ, ˜ÚÓ, ‚Ó-ÔÂ‚˚ı,

(6)

‡ ‚Ó-‚ÚÓ˚ı, ÔË Î˛·ÓÏ z ∈ M

(7)

Ç‚Â‰ÂÏ ÏÌÓÊÂÒÚ‚Ó G(α), ÒÓÒÚÓfl˘ÂÂ ËÁ ÚÓ˜ÂÍ, ÒÓ‰ÂÊ‡˘ËıÒfl ‚ G ‚ÏÂÒÚÂ ÒÓ Ò‚ÓÂÈ α-ÓÍÂÒÚ-
ÌÓÒÚ¸˛, α > 0. Ç ÒËÎÛ ÔÂ‰ÔÓÎÓÊÂÌËÈ ÎÂÏÏ˚ 1, ÏÌÓÊÂÒÚ‚Ó G(α) ≠ ∅  ÔË Î˛·ÓÏ α ≤ r.

ÖÒÎË ÚÓ˜Í‡ z' ∈  G(α), 0 < α ≤ r, ÚÓ 〈ai, zi – z'〉  ≥ α, i ∈ I2(k), „‰Â ||ai – || ≤ δ. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,

(8)

‰Îfl Î˛·ÓÈ ÚÓ˜ÍË z' ∈ G(α). àÁ (6)–(8) ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ ÌÂ‡‚ÂÌÒÚ‚Ó

(9)

‚ÂÌÓ ‰Îfl Î˛·ÓÈ ÚÓ˜ÍË z' ∈ G(α), 0 < α ≤ r, „‰Â γk = µi.

èÛÒÚ¸ z0 – ˆÂÌÚ ¯‡‡ ‡‰ËÛÒ‡ r, ÒÓ‰ÂÊ‡˘Â„ÓÒfl ‚ G. íÓ„‰‡ ËÁ (9) ÔË α = r Ò Û˜ÂÚÓÏ ÛÒÎÓ‚Ëfl
(4) ÔÓÎÛ˜‡ÂÏ

(10)

ÖÒÎË ‰ÓÔÛÒÚËÚ¸, ˜ÚÓ  = 0, ÚÓ γk = 0 Ë ÌÂ‡‚ÂÌÒÚ‚Ó (10) ÌÂ‚ÂÌÓ. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ÚÂ·Ó-

‚‡ÌËÂ (4) ‚ÎÂ˜ÂÚ Á‡ ÒÓ·ÓÈ ÔÓÎÓÊËÚÂÎ¸ÌÓÒÚ¸  Ë, ‚ ˜‡ÒÚÌÓÒÚË, ÌÂÔÛÒÚÓÚÛ ÏÌÓÊÂÒÚ‚‡ I1(k).

zk*

∆k dδ+ r,<

µii I1 k( )∈∑
∆ zk*( ) L 1+( ) ∆k dδ+( )d/r,≤

zk* µii I1 k( )∈∑ µii I1 k( )∈∑

�k
˜

ñiµi

i I1 k( )∈
∑ µi

i I2 k( )∈
∑+ 1,=

Fk z( ) µi l̃ i zi, z–〈 〉
i I1 k( )∈
∑ µi ãi zi, z–〈 〉

i I2 k( )∈
∑ ∆k.≤+=

ãi

ãi zi z'–,〈 〉 α dδ, i– I2 k( ),∈≥

µi l̃ i zi, z'–〈 〉
i I1 k( )∈
∑ ∆k 1 γk–( ) α dδ–( )–≤

ñ
i I1 k( )∈∑

µi l̃ i zi, z0–〈 〉
i I1 k( )∈
∑ γk r dδ–( ).<

µii I1 k( )∈∑
µii I1 k( )∈∑

9
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ÉÓÎ¸¯ÚÂÈÌ

èËÏÂÌËÏ ÚÂÔÂ¸ (9) ‰Îfl α = ∆k + dδ. íÓ„‰‡ ÔÓÎÛ˜‡ÂÏ, ̃ ÚÓ ‰Îfl Î˛·ÓÈ ÚÓ˜ÍË z' ∈  G(∆k + dδ) ËÏÂ-
ÂÚ ÏÂÒÚÓ ÌÂ‡‚ÂÌÒÚ‚Ó

(11)

ÇÂÍÚÓ  fl‚ÎflÂÚÒfl ÔË·ÎËÊÂÌÌ˚Ï ÁÌ‡˜ÂÌËÂÏ ‚ÂÍÚÓ‡ li = (lix, –liy), „‰Â lix ∈ ∂ xf (zi), liy ∈ ∂ yf (zi), ÔË˜ÂÏ

(12)

ÔÓ˝ÚÓÏÛ  = || || ≤ ||li|| + δ ≤ L + δ. ì˜ËÚ˚‚‡fl ˝ÚÓ Ë ÌÂ‡‚ÂÌÒÚ‚Ó (11), ËÏÂÂÏ

(13)

‰Îfl Î˛·ÓÈ ÚÓ˜ÍË z' ∈ G(∆k + dδ). àÁ (12) Ë (13) ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ

(14)

ÂÒÎË z' = (x', y') ∈ G(∆k + dδ).
ìÒÚ‡ÌÓ‚ËÏ ÓˆÂÌÍÛ Ò‚ÂıÛ ‰Îfl ÎÂ‚ÓÈ ˜‡ÒÚË (14) ÔË Î˛·ÓÏ z' ∈  G. èÛÒÚ¸ z ∈ G, z0 – ˆÂÌÚ ¯‡‡

‡‰ËÛÒ‡ r, ÒÓ‰ÂÊ‡˘Â„ÓÒfl ‚ G. ä‡Í ÌÂÚÛ‰ÌÓ ÔÓ‚ÂËÚ¸, ÚÓ˜Í‡ z' = z(1 – (∆k + dδ)/r) + z0(∆k + dδ)/r ∈
∈  G(∆k + dδ). ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ‰Îfl ÌÂÂ ÒÔ‡‚Â‰ÎË‚‡ ÓˆÂÌÍ‡ (14). çÓ z' – z = ((∆k + dδ)/r)(z0 – z), ÔÓ˝ÚÓÏÛ

(15)

àÁ (14) Ë (15) Ò Û˜ÂÚÓÏ ÚÓ„Ó, ˜ÚÓ ||(lix, –liy)|| ≤ L, ‰Îfl Î˛·ÓÈ ÚÓ˜ÍË z = (x, y) ∈ G ÔÓÎÛ˜‡ÂÏ ÓˆÂÌÍÛ

(16)

á‡ÏÂÚËÏ, ˜ÚÓ δ < r/d < 1 ‚ ÒËÎÛ ÔÓÎÓÊËÚÂÎ¸ÌÓÒÚË ∆k Ë ÚÂ·Ó‚‡ÌËfl (4). èÓ˝ÚÓÏÛ Á‡ Ò˜ÂÚ ÌÂÁÌ‡˜Ë-
ÚÂÎ¸ÌÓ„Ó Ó„Û·ÎÂÌËfl ÓˆÂÌÍË (16) ËÏÂÂÏ

(17)

„‰Â z =(x, y) – Î˛·‡fl ÚÓ˜Í‡ ÏÌÓÊÂÒÚ‚‡ G.

éˆÂÌËÏ ÚÂÔÂ¸ ÛÍÎÓÌÂÌËÂ ∆( ) ÚÓ˜ÍË  = zi/  ÓÚ ÒÂ‰ÎÓ‚Ó„Ó ÏÌÓÊÂÒÚ‚‡

ÙÛÌÍˆËË f, ÓÔÂ‰ÂÎÂÌÌÓÈ Ì‡ ÏÌÓÊÂÒÚ‚Â G. àÏÂÂÏ Ò Û˜ÂÚÓÏ ‚˚ÔÛÍÎÓ-‚Ó„ÌÛÚÓÒÚË ÙÛÌÍˆËË f

(18)

àÒÍÓÏ‡fl ÓˆÂÌÍ‡ (5) ÒÎÂ‰ÛÂÚ ËÁ (17) Ë (18). 

ëÓ„Î‡ÒÌÓ ÓˆÂÌÍÂ (5), ·ÎËÁÓÒÚ¸ ÚÓ˜ÍË  Í ÒÂ‰ÎÓ‚ÓÏÛ ÏÌÓÊÂÒÚ‚Û Á‡‚ËÒËÚ ÓÚ ‚ÂÎË˜ËÌ δ ≥ 0 Ë
∆k > 0. óËÒÎÓ δ ÓÔÂ‰ÂÎflÂÚÒfl ÚÓ˜ÌÓÒÚ¸˛ ‡·ÓÚ˚ Ó‡ÍÛÎ‡. óÚÓ ÊÂ Í‡Ò‡ÂÚÒfl ∆k, ÚÓ, Í‡Í ÒÎÂ‰ÛÂÚ ËÁ

µi l̃ i zi, z'–〈 〉
i I1 k( )∈
∑ γk∆k.≤

l̃ i

l̃ i li– δ, i I1 k( ),∈≤

ñi l̃ i

µi l̃ i zi z'–,〈 〉 / µi

i I1 k( )∈
∑

i I1 k( )∈
∑ L δ+( )∆k≤

µi lix xi x'–,〈 〉 liy yi y'–,〈 〉–( )/ µi

i I1 k( )∈
∑

i I1 k( )∈
∑ L δ+( )∆k dδ,+≤

z' z–
∆k dδ+

r
------------------ d r–( ).≤

µi lix xi x–,〈 〉 liy xi x–,〈 〉–( )/ µi

i I1 k( )∈
∑

i I1 k( )∈
∑ L δ+( )∆k dδ L

∆k dδ+
r

------------------ d r–( ).+ +≤

µi lix xi x–,〈 〉 liy, yi y–〈 〉–( )
I1 k( )∈
∑ / µi

i I1 k( )∈
∑ L 1+( ) ∆k dδ+( )d

r
--------------------------------------------≤

zk* zk* µii I1 k( )∈∑ µii I1 k( )∈∑

∆ zk*( ) f xk* y,( ) f x yk*,( )–[ ]
z x y,( ) G∈=

max

µi f xi y,( ) f x yi,( )–( )
i I1 k( )∈
∑

µi

i I1 k( )∈

 

∑
------------------------------------------------------------------- ≤

z x y,( ) G∈=
max≤=

≤

µi lix xi x–,〈 〉 liy yi y–,〈 〉–( )
i I1 k( )∈
∑

µi

i I1 k( )∈

 

∑
----------------------------------------------------------------------------------.

z x y,( ) G∈=
max

zk*
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ÔË‚Ó‰ËÏÓ„Ó ÌËÊÂ ÛÚ‚ÂÊ‰ÂÌËfl, ˝Ú‡ ‚ÂÎË˜ËÌ‡ ÒÚÂÏËÚÒfl Í ÌÛÎ˛ Ò ÓÒÚÓÏ ˜ËÒÎ‡ ËÚÂ‡ˆËÈ k Ó·-
‡ÚÌÓ ÔÓÔÓˆËÓÌ‡Î¸ÌÓ k1/2.

ãÂÏÏ‡ 2. ÖÒÎË  > 0, i ∈  I1(k) , ÚÓ

(19)

„‰Â d – ‰Ë‡ÏÂÚ ÏÌÓ„Ó„‡ÌÌËÍ‡ M, ‡ λ ∈ (0.1) – Ô‡‡ÏÂÚ ÏÂÚÓ‰‡. 
ãÂÏÏ‡ 2 fl‚ÎflÂÚÒfl ˜‡ÒÚÌ˚Ï ÒÎÛ˜‡ÂÏ ·ÓÎÂÂ Ó·˘Â„Ó ÛÚ‚ÂÊ‰ÂÌËfl ËÁ (Å˝, ÉÓÎ¸¯ÚÂÈÌ, ëÓÍÓÎÓ‚,

2000, ÎÂÏÏ‡ 4) ÔË Q = M Ë Pk = {z ∈ E: 〈bi, z〉  + βi ≤ 0, 1 ≤ i ≤ k – 1}, „‰Â

ãÂÏÏ˚ 1 Ë 2 ÔÓÁ‚ÓÎfl˛Ú ÔÓ‚ÂÒÚË ‡Ì‡ÎËÁ ÒıÓ‰ËÏÓÒÚË ÏÂÚÓ‰‡ ÓÚ˚ÒÍ‡ÌËfl ÒÂ‰ÎÓ‚ÓÈ ÚÓ˜ÍË, ÓÔËÒ‡Ì-
ÌÓ„Ó ‚ ‡Á‰. 2.

èÛÒÚ¸ ε – ÔÓËÁ‚ÓÎ¸ÌÓÂ ÌÂÓÚËˆ‡ÚÂÎ¸ÌÓÂ ˜ËÒÎÓ. íÓ˜ÍÛ z ∈ G, ‰Îfl ÍÓÚÓÓÈ ∆(z) ≤ ε, „‰Â ∆(z)
ÓÔÂ‰ÂÎÂÌÓ ÒÓÓÚÌÓ¯ÂÌËÂÏ (3), ÛÒÎÓ‚ËÏÒfl Ì‡Á˚‚‡Ú¸ ε-ÒÂ‰ÎÓ‚ÓÈ ÚÓ˜ÍÓÈ ÙÛÌÍˆËË f Ì‡ G. ã˛·‡fl
ε-ÒÂ‰ÎÓ‚‡fl ÚÓ˜Í‡ ÔË ε = 0 fl‚ÎflÂÚÒfl ÒÂ‰ÎÓ‚ÓÈ ÚÓ˜ÍÓÈ. ä‡Í ÔÓÍ‡Á˚‚‡˛Ú ÔË‚Ó‰ËÏ˚Â ÌËÊÂ ‡ÒÒÛÊ-
‰ÂÌËfl, ÔË ÓÔÂ‰ÂÎÂÌÌ˚ı ÒÓÓÚÌÓ¯ÂÌËflı ÏÂÊ‰Û ε > 0 Ë ‚ÂÎË˜ËÌÓÈ δ ≥ 0, ı‡‡ÍÚÂËÁÛ˛˘ÂÈ ÚÓ˜-
ÌÓÒÚ¸ ‡·ÓÚ˚ Ó‡ÍÛÎ‡, ÏÂÚÓ‰ ËÁ ‡Á‰. 2 ‰‡ÂÚ ‚ÓÁÏÓÊÌÓÒÚ¸ ‚˚˜ËÒÎËÚ¸ ε-ÒÂ‰ÎÓ‚Û˛ ÚÓ˜ÍÛ f Ì‡ G,
ÔË˜ÂÏ ÌÂÓ·ıÓ‰ËÏÓÂ ‰Îfl ˝ÚÓ„Ó ˜ËÒÎÓ ËÚÂ‡ˆËÈ ÏÂÚÓ‰‡ ‰ÓÔÛÒÍ‡ÂÚ ÓˆÂÌÍÛ, Á‡‚ËÒfl˘Û˛ ÓÚ ε Ë δ.

ç‡˜ÌÂÏ Ò ‡ÒÒÏÓÚÂÌËfl Ì‡Ë·ÓÎÂÂ ÚËÔË˜ÌÓÈ ÒËÚÛ‡ˆËË, ÍÓ„‰‡ Á‡‡ÌÂÂ ‚˚·‡ÌÌÓÂ ÔÓÎÓÊËÚÂÎ¸-
ÌÓÂ ˜ËÒÎÓ ε Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÚÂ·Ó‚‡ÌË˛

(20)

èË ÙËÍÒËÓ‚‡ÌÌÓÏ ε > 0 ÚÓ˜ÌÓÒÚ¸ δ ‡·ÓÚ˚ Ó‡ÍÛÎ‡ ÂÒÚÂÒÚ‚ÂÌÌÓ Ò˜ËÚ‡Ú¸ Ì‡ÒÚÓÎ¸ÍÓ ‚˚ÒÓÍÓÈ,
˜ÚÓ·˚ Á‡ Ò˜ÂÚ ÛÏÂÌ¸¯ÂÌËfl ∆k > 0 Ô‡‚Û˛ ˜‡ÒÚ¸ ÓˆÂÌÍË (5) ÏÓÊÌÓ ·˚ÎÓ ·˚ Ò‰ÂÎ‡Ú¸ ÏÂÌ¸¯ÂÈ, ˜ÂÏ
ε. é˜Â‚Ë‰ÌÓ, ˜ÚÓ ˝ÚÓ ˝Í‚Ë‚‡ÎÂÌÚÌÓ ÛÒÎÓ‚Ë˛

(21)

èË ÓÔËÒ‡ÌËË ÏÂÚÓ‰‡ ÓÚ˚ÒÍ‡ÌËfl ÒÂ‰ÎÓ‚ÓÈ ÚÓ˜ÍË ·˚ÎË ‚‚Â‰ÂÌ˚ ‰‚‡ ÔÓÎÓÊËÚÂÎ¸Ì˚ı ˜ËÒÎ‡ ε1
Ë ε2, ÔË ÔÓÏÓ˘Ë ÍÓÚÓ˚ı ÙËÍÒËÓ‚‡Î‡Ò¸ ÔÓÒÎÂ‰Ìflfl ËÚÂ‡ˆËfl. ëÂÈ˜‡Ò Ï˚ ÓÔÂ‰ÂÎËÏ ˝ÚË Ô‡‡-
ÏÂÚ˚ ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ ε Ë δ. èÓÎÓÊËÏ ε1 = r(L + 1)–1d–1ε – dδ, ε1 > 0 ÒÓ„Î‡ÒÌÓ (21). èÛÒÚ¸

(22)

àÁ (20) Ë (22) ÒÎÂ‰ÛÂÚ (4). èÓ˝ÚÓÏÛ ÒÓ„Î‡ÒÌÓ ÎÂÏÏÂ 1  > 0 Ë ‚ ÒËÎÛ (22) ÏÓÊÂÚ ·˚Ú¸ ‚˚-

˜ËÒÎÂÌ‡ ÚÓ˜Í‡  = zi/ . àÁ (22) ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ (L + 1)dr–1(∆k + dδ) ≤ ε. éˆÂÌÍ‡

(5) ÎÂÏÏ˚ 1 ÛÍ‡Á˚‚‡ÂÚ Ì‡ ÚÓ, ˜ÚÓ ÚÓ˜Í‡  ∈ G fl‚ÎflÂÚÒfl ε-ÒÂ‰ÎÓ‚ÓÈ ÚÓ˜ÍÓÈ ÙÛÌÍˆËË f Ì‡ G. èÓ-
ÎÓÊËÏ ε2 = d–1ε – δ. á‡ÏÂÚËÏ, ˜ÚÓ ÌÂ‡‚ÂÌÒÚ‚Ó (21) Ó·ÂÒÔÂ˜Ë‚‡ÂÚ ÔÓÎÓÊËÚÂÎ¸ÌÓÒÚ¸ ε2. ÖÒÎË zk =
= (xk, yk) ∈ intG, ÔË˜ÂÏ  ≤ ε2, ÚÓ nk ≤ ε2 + δ = d–1ε Ë Ò Û˜ÂÚÓÏ ‚˚ÔÛÍÎÓ-‚Ó„ÌÛÚÓÒÚË ÙÛÌÍˆËË f
ËÏÂÂÏ

Ú.Â. ÚÓ˜Í‡ zk fl‚ÎflÂÚÒfl ε-ÒÂ‰ÎÓ‚ÓÈ ÚÓ˜ÍÓÈ f Ì‡ G.
èÛÒÚ¸ k(ε) – ÌÓÏÂ ÔÓÒÎÂ‰ÌÂÈ ËÚÂ‡ˆËË ÏÂÚÓ‰‡, ÍÓÚÓ‡fl Á‡‚Â¯‡ÂÚÒfl ÓÚ˚ÒÍ‡ÌËÂÏ ε-ÒÂ‰ÎÓ‚ÓÈ ÚÓ˜-

ÍË, „‰Â ε Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚ËflÏ (20) Ë (21). ÑÎfl ÚÓ„Ó ˜ÚÓ·˚ ÔÓÎÛ˜ËÚ¸ ‚ÂıÌ˛˛ ÓˆÂÌÍÛ ‰Îfl k(ε), ‰Ó-
ÒÚ‡ÚÓ˜ÌÓ ÓÔÂ‰ÂÎËÚ¸ Ú‡ÍÓÂ ÏËÌËÏ‡Î¸ÌÓÂ ˆÂÎÓÂ ˜ËÒÎÓ k, ÔË ÍÓÚÓÓÏ Ô‡‚‡fl ˜‡ÒÚ¸ ÓˆÂÌÍË (19) ÓÍ‡-

ÊÂÚÒfl ÌÂ ·ÓÎ¸¯Â, ˜ÂÏ ε1 = r(L + 1)–1d–1ε – dδ > 0. é˜Â‚Ë‰ÌÓ, Ú‡ÍËÏ ˜ËÒÎÓÏ fl‚ÎflÂÚÒfl ]d2λ–2(1 – λ2)–1 [,
„‰Â ÔË Î˛·ÓÏ ‚Â˘ÂÒÚ‚ÂÌÌÓÏ a ÔÓ‰ ]a[ ÔÓÌËÏ‡ÂÚÒfl Ì‡ËÏÂÌ¸¯ÂÂ ˆÂÎÓÂ ˜ËÒÎÓ, ·ÓÎ¸¯ÂÂ ÎË·Ó ‡‚-
ÌÓÂ a. í‡ÍËÏ Ó·‡ÁÓÏ,

(23)

ñi

∆k
d

λ 1 λ2–( )0.5
---------------------------k 0.5– , k≤ 1 2 …,, ,=

bi

l̃ i/ñi, ÂÒÎË zi intG,∈
ãi, ÂÒÎË zi intG;∉




βi

l̃ i zi,〈 〉 , ÂÒÎË zi– intG,∈
0, ÂÒÎË zi intG.∉




= =

ε Ld .<

L 1+( )d2r 1– δ ε.<

∆k ε1.≤

µii I1 k( )∈∑
zk* µii I1 k( )∈∑ µii I1 k( )∈∑

zk*

ñk

∆ zk( ) f xk y',( ) f x' yk,( )–[ ]
z' x' y',( ) G∈=

max lky y' yk–,〈 〉 lkx x' xk–,〈 〉–[ ]
z' G∈
max nkd ε,≤ ≤ ≤=

ε1
1–

k ε( ) ]d2λ2 1 λ2–( ) 1– ε1
1– [.≤

9*
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ÉÓÎ¸¯ÚÂÈÌ

ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ ÒÎÛ˜‡È „Û·ÓÈ ÚÓ˜ÌÓÒÚË ÓÔÂ‰ÂÎÂÌËfl ÒÂ‰ÎÓ‚ÓÈ ÚÓ˜ÍË, ÍÓ„‰‡ Ì‡Û¯ÂÌÓ
ÛÒÎÓ‚ËÂ (20). àÚ‡Í, ÔÛÒÚ¸

(24)

ì˜ËÚ˚‚‡fl ÓÔÂ‰ÂÎÂÌËÂ (3) ‚ÂÎË˜ËÌ˚ ∆(z), ÏÓÊÌÓ Á‡ÍÎ˛˜ËÚ¸, ˜ÚÓ ÔË ÒÓ·Î˛‰ÂÌËË (24) Î˛·‡fl
ÚÓ˜Í‡ z ∈ G fl‚ÎflÂÚÒfl ε-ÒÂ‰ÎÓ‚ÓÈ ÚÓ˜ÍÓÈ ÙÛÌÍˆËË f Ì‡ G. èÓ˝ÚÓÏÛ k(ε) – ÏËÌËÏ‡Î¸ÌÓÂ ̂ ÂÎÓÂ k, ÔË
ÍÓÚÓÓÏ zk ∈ G. ëÓ„Î‡ÒÌÓ ÎÂÏÏÂ 1, k(ε) ≤ k – 1, ÂÒÎË ÒÓ·Î˛‰‡ÂÚÒfl ÛÒÎÓ‚ËÂ (4). Ç˚ÔÓÎÌÂÌËfl ÛÒÎÓ‚Ëfl
(4) Á‡ Ò˜ÂÚ ÛÏÂÌ¸¯ÂÌËfl ∆k > 0 ÏÓÊÌÓ ‰Ó·ËÚ¸Òfl ÎË¯¸ ‚ ÒÎÛ˜‡Â, ÂÒÎË

(25)

àÒÔÓÎ¸ÁÛfl ÎÂÏÏÛ 2, ‚˚·Ë‡ÂÏ ÏËÌËÏ‡Î¸ÌÓÂ ˆÂÎÓÂ k, ÔË ÍÓÚÓÓÏ Ô‡‚‡fl ˜‡ÒÚ¸ ÓˆÂÌÍË (19)
ÓÍ‡ÊÂÚÒfl ÏÂÌ¸¯Â, ˜ÂÏ r – dδ > 0. í‡ÍËÏ ˜ËÒÎÓÏ fl‚ÎflÂÚÒfl 

„‰Â ÔË Î˛·ÓÏ ‚Â˘ÂÒÚ‚ÂÌÌÓÏ a ÔÓ‰ [a] ÔÓÌËÏ‡ÂÚÒfl Ï‡ÍÒËÏ‡Î¸ÌÓÂ ˆÂÎÓÂ ˜ËÒÎÓ, ÌÂ ·ÓÎ¸¯ÂÂ, ˜ÂÏ
a. èÓ˝ÚÓÏÛ ÔË ÒÓ·Î˛‰ÂÌËË (25)

(26)

ëÓ·Ë‡fl ‚ÏÂÒÚÂ ÔÓ‚Â‰ÂÌÌ˚Â ‚˚¯Â ‡ÒÒÛÊ‰ÂÌËfl, ÔËıÓ‰ËÏ Í ÒÎÂ‰Û˛˘ÂÏÛ ÛÚ‚ÂÊ‰ÂÌË˛ Ó ÒıÓ-
‰ËÏÓÒÚË ÏÂÚÓ‰‡, ËÁÎÓÊÂÌÌÓ„Ó ‚ ‡Á‰. 2.

íÂÓÂÏ‡. èÛÒÚ¸ f (z) = f (x, y) – ‚˚ÔÛÍÎÓ-‚Ó„ÌÛÚ‡fl ÙÛÌÍˆËfl, ÓÔÂ‰ÂÎÂÌÌ‡fl ÍÓÌÂ˜Ì˚ÏË ÁÌ‡˜Â-
ÌËflÏË Ì‡ ‚˚ÔÛÍÎÓÏ ÍÓÏÔ‡ÍÚÂ G = Gx × Gy Ë ÎËÔ¯ËˆÂ‚‡ Ì‡ G Ò ÔÓÒÚÓflÌÌÓÈ L, ÔË˜ÂÏ G ⊂ M, „‰Â
M – ÏÌÓ„Ó„‡ÌÌËÍ ‰Ë‡ÏÂÚ‡ d, G ÒÓ‰ÂÊËÚ ¯‡ ‡‰ËÛÒ‡ r > 0. ëÂ‰ÎÓ‚ÓÈ ÏÂÚÓ‰, ÓÔËÒ‡ÌÌ˚È ‚
‡Á‰. 2, ÔÓÁ‚ÓÎflÂÚ ‰Îfl Î˛·Ó„Ó ε > 0 ÔË ÒÓ·Î˛‰ÂÌËË ÔË‚Â‰ÂÌÌ˚ı ÌËÊÂ ÚÂ·Ó‚‡ÌËÈ Í ÚÓ˜ÌÓÒÚË
δ ‡·ÓÚ˚ Ó‡ÍÛÎ‡ Ì‡ÈÚË ε-ÒÂ‰ÎÓ‚Û˛ ÚÓ˜ÍÛ ÙÛÌÍˆËË f Ì‡ G Á‡ k(ε) ËÚÂ‡ˆËÈ. èË ˝ÚÓÏ ‚ÂıÌflfl
ÓˆÂÌÍ‡ ‰Îfl k(ε) ÏÓÊÂÚ ·˚Ú¸ ‚˚˜ËÒÎÂÌ‡ Ó‰ÌËÏ ËÁ ÒÎÂ‰Û˛˘Ëı ‰‚Ûı ÒÔÓÒÓ·Ó‚:

1) ÂÒÎË ‚˚ÔÓÎÌÂÌ˚ ÚÂ·Ó‚‡ÌËfl (20) Ë (21), ÚÓ ËÒÍÓÏ‡fl ÓˆÂÌÍ‡ ËÏÂÂÚ ‚Ë‰ (23), „‰Â ε1 = r(L +
+ 1)–1d–1ε – dδ, λ ∈ (0, 1) – Ô‡‡ÏÂÚ ÏÂÚÓ‰‡;

2) ÂÒÎË ‚˚ÔÓÎÌÂÌ˚ ÚÂ·Ó‚‡ÌËfl (24) Ë (25), ÚÓ ‚ÂıÌflfl ÓˆÂÌÍ‡ ‰Îfl k(ε) ËÏÂÂÚ ‚Ë‰ (26). 
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èÓÒÚÛÔËÎ‡ ‚ Â‰‡ÍˆË˛
10.01.2007 „.

The Saddle Method Using the Imperfect Input Data

Ye. G. Golshtein

Describes the Oracle-type of finding the saddle point for convex-concave function considering mistakes
in Oracle answers. The parameters of Oracle mistakes are described. Using these parameters the method
allows to find ε-saddle point of the function with the fixed ε > 0. The author proposes the upper limit for
the number of integrations, necessary for calculating the ε-saddle point.

ε Ld .≥

dδ r.<

d2λ 2– 1 λ2–( ) 1–
r dδ–( ) 1–[ ] 1,+

k ε( ) d2λ 2– 1 λ2–( ) 1–
r dδ–( ) 1–[ ] .≤


